Abstract. We study some stability properties in discrete Volterra equations by employing to change Yoshizawa's results in [13] for the nonlinear equations into results for the nonlinear discrete Volterra equations with unbounded delay.
Introduction
Consider the discrete Volterra equation with unbounded delay x(n + 1) = f (n, x(n)) + 
F (t, s, x(t + s), x(t))ds, (1.2)
wheref : R × R n → R n is continuous and F : R × R − × R n × R n → R n is continuous. In [5] , Hamaya studied the relationship between total stability and stability under disturbances from hull for Eq. (1.2).
Song and Tian [10] investigated the existence of periodic and almost periodic solutions for Eq. (1.1) by means of (K, ρ)-stability conditions. Their results are to extend results of Hamaya [4] to discrete Volterra equations. Also, Song [11] proved that if the bounded solution of (1.1) is uniformly asymptotically stable, then (1.1) has an almost periodic solution.
Choi and Koo [2] investigated the existence of an almost periodic solution of (1.1) as a discretization of the Hamaya's results in [5] . Also, Choi et al. [3] studied the total stability for the discrete Volterra equation
B(n, j, x(n + j), x(n)) + h(n, x n ). (1.3)
Sell [9] introduced the concept of weak uniform asymptotic stability to obtain the existence theorem for almost periodic solutions in ordinary differential equations. In [12] , Xia and Cheng studied the existence of almost periodic solutions for difference equation by using the concept of global quasi-uniform asymptotic stability.
Hamaya [5] showed that two concepts of (K, ρ)-weak uniform asymptotic stability and (K, ρ)-uniform asymptotic stability for (1.1) are equivalent. Moreover, he obtained the existence of almost periodic solutions in (1.1) by using (K, ρ)-weak uniform asymptotic stability.
The space BC which consists of all bounded functions on R − = (−∞, 0] is one of the important classes for the space of initial functions in the theory of functional differential equations with unbounded delay as well as integrodifferential equations. In connection with the stability problems, there are two ways to provide the metric structure in BC. One way is to provide it with the supremum norm, and the other is of compact open topology induced by the ρ-metric. So there are two stability concepts referred to as the BC-stabilities and the ρ-stabilities, respectively. In [8] , Murakami and Yoshizawa investigated the relationships between BC-stabilities and ρ-stabilities in functional differential equations with unbounded delay.
In this paper, we study some stability properties for (1.1) by employing to change Yoshizawa's results in [13] for the nonlinear equations into results for the discrete Volterra equations with unbounded delay. Also, we investigate the BS-s.d.(stability under disturbance) and ρ-s.d. for (1.1).
Preliminaries
In what follows, we denote by R, R + , R − , respectively, the set of real numbers, the set of nonnegative real numbers, and the set of nonpositive real numbers. Also, we denote by Z, Z + , Z − , the set of integers, the set of nonnegative integers, and the set of nonpositive integers, respectively. Let R d denote d-dimensional Euclidean space with a norm | · |. Definition 2.1. A continuous functionf : R × R n → R n is said to be almost periodic in t ∈ R uniformly for x ∈ R n if for any ε > 0 there corresponds a number l = l(ε) > 0 such that any interval of length l contains a number τ for which
Let F (t, s, x, y) be a function which is defined and continuous for t ∈ R and (s,
Definition 2.2. F (t, s, x, y) is said to be almost periodic in t uniformly for (s, x, y) ∈ R * if for any ε > 0 and any compact set K * ⊂ R * , there exists an L = L(ε, K * ) > 0 such that any interval of length L contains a τ for which
is said to be almost periodic in n uniformly for (j, x, y) ∈ Z * if for any ε > 0 and any compact set K * ⊂ Z * , there exists a number l = l(ε, K * ) > 0 such that any discrete interval of length l contains a τ for which
For the basic results of almost periodic functions, see [14] .
Consider the discrete Volterra equation with unbounded delay
where f :
where
Note that the induced topology by ρ is the same as the topology of convergence on any finite subset of Z − [8] .
In view of almost periodicity, for any sequence (
uniformly on Z × S * for any compact set S * ⊂ Z * , g(n, x) and D(n, n + l, x, y) are also almost periodic in n uniformly for x ∈ R d , and almost periodic in n uniformly for (j, x, y) ∈ Z * , respectively. We define
Note that (f, B) ∈ Ω(f, B) and for any (g, D) ∈ Ω(f, B), we can assume the almost periodicity of g and D, respectively [8] .
, then the equation
is called the limiting equation of (2.1).
and
respectively. This definition is a discrete analogue of Hamaya's definition in [5] . We recall the definitions of various stabilities in [7] .
Definition 2.7. The bounded solution u(n) of Eq. (1.1) is said to be ((f, B), (g, D) ) < η and |x n 0 − u n 0 | BS < η for some n 0 ≥ 0, then
where x(n) is a solution of the limiting equation (2.6), which passes through (n 0 , φ) such that x n 0 (j) = φ(j) ∈ K, j ≤ 0. ((f, B), (g, D) ) < η and ρ(x n 0 , u n 0 ) < η for some n 0 ≥ 0, then
where x(n) is a solution of the limiting equation (2.6), which passes through (n 0 , φ) such that x n 0 (j) = φ(j) ∈ K, j ≤ 0.
Definition 2.10. The bounded solution x(n) of (2.1) is said to be
Remark 2.11. The (K, ρ)-s.d.Ω(f, B) implies the BS-s.d.Ω(f, B) because of ρ(φ, ψ) ≤ |φ − ψ| BS for φ, ψ ∈ BS(Z − , R d ).

Main results
We consider the discrete Volterra equations with unbounded delay
We denote by x(n) = x(n, n 0 , x 0 ) a solution of (3.1) through (n 0 , x 0 ).
Theorem 3.1. Let u(n) be a bounded solution of Eq. (3.1), that is, for some
M > 0, |u(n)| ≤ M, n ≥ 0. If u(n) is (K, ρ)-WUAS, then it is (K, ρ)-E q AS.
Proof. Since u(n) is (K, ρ)-US, it is (K, ρ)-S.
We show that for any ε > 0 there exists a T = T (n 0 , ε) > 0 such that if n 0 ≥ 0 and ρ(x n 0 , u n 0 ) < δ 0 , then
where x(n) is a solution of (3.1) through (n 0 , φ) such that x n 0 (s) = φ(s), s ≤ 0. Suppose that there does not exist such T . Then there exist an ε > 0, an n 0 ≥ 0, and sequences (x k ) with
Note that the sequence (x k (n)) is uniformly bounded. Then there exists a solution x(n) of (3.1) defined for all n ≥ n 0 such that
Moreover, a subsequence of (x k (n)) tends to x(n) uniformly on any compact interval. Since every solution tends to u(n) as n → ∞, there exists an n 1 such that
where δ(·) is the number given in (K, ρ)-US. We denote by (x k (n)) the subsequence again. Then we have
for sufficiently large k. From (3.3) and (3.4), we obtain
. By the uniform stability of u(n), we have ρ(x k n , u n ) < ε, n ≥ n 1 , which contradicts (3.2). This completes the proof.
Theorem 3.2. Suppose that f (n, x) in (3.1) is ω-periodic in n. We assume the zero solution of Eq. (3.1). If the bounded solution u(n) of (3.1) is (K, ρ)-WUAS, then it is (K, ρ)-UAS.
Proof. Assume that there exists an
where δ 0 is the number for (K, ρ)-WUAS of u(n) and x(n) is a solution of (3.1) through (n 0 , φ) such that
Then there exist an ε > 0, and
Thus we obtain
Form (3.5) with k j = m j and (3.7), we have
In view of Theorem 3.1, there exists a T = T (m p ω,
By (3.9), we have
This contradicts (3.6), because
2 ) depends only on ε. This proves the theorem.
We show that for ε > 0 there exists a
uniformly on Z + × K, and
uniformly on any compact interval on Z + , where z(n) is a solution of the limiting equation
through (0, x 0 ). For any n ≥ 0, there exists a j sufficiently large so that
Note that for large j,
and ρ(y
Thus we have
Clearly,
, and (η k (n)) is uniformly bounded by (3.13). Therefore there exists a subsequence (
uniformly for n ∈ Z and x ∈ S, and
on any compact interval of Z + , where ξ(n) is a solution of (3.1). Then for large j, we have
because τ k j > 0 for j sufficiently large and
as n → ∞ which contradicts (3.15 ). This completes the proof.
We assume the following:
for any n ∈ Z, j ∈ Z − and is almost periodic in n ∈ Z uniformly for (j, x, y) ∈ Z * . Moreover, for any ε > 0 and τ > 0, there exists a number M = M (ε, τ ) > 0 such that
Theorem 3.4. For Eq. (3.1) suppose that (H1),(H2), and (H3). Assume that the bounded solution u(n) of (3.1) is BS-s.d.Ω(f, B). Then u(n) is (K, ρ)-s.d.Ω(f, B) if and only if it is
We show that ρ(x n , u n ) < ε, where x(n) is a solution of the limiting equation of (3.1), passing through (τ, φ). . This is the discretization of the result about the functional differential equation
where h : R + × B → R n in [8] .
